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I. INTRODUCTION 
Let Z’, be the cone of hermitian matrices in the vector space JZ, of all 
n-square complex matrices. A linear transformation T on An is said to 
be hermitian-preserving iff T(X,) C_ Zn. 
This paper consists of three theorems which characterize a hermitian- 
preserving linear transformation and two theorems on the eigenvalues of 
such transformations. 
II. THE CHARACTERIZATION THEOREMS 
In this paper we shall synonymously use T to represent a linear 
transformation on JY,, and its matrix representation with respect to the 
lexicographically ordered basis of unit matrices Eij which have a 1 in the 
(i, j) position and zeros elsewhere. 
For our first result we consider each matrix of dn as an n2-vector and 
the linear transformation T as an ~3 x n2 matrix 
where each Tij = (tz) is an n-square matrix. As in [4, p. 621 denoting the 
jth column of A by A(j), 
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T(A) = T(A(l), . . . , A(“)) 
= ( ,g TljA(j), . , g TnjA(j)) . 
We shall write T = ((tz)) to represent the above block form which leads to 
THEOREM 1. A linear transformation T = ((tz)) on .,d, is hermitian- 
preserving iff t$ = 8:; (i, i, k, 1 = 1, 2,. . . , n). 
Proof. Assume that T is hermitian-preserving. Then T(E,, + ELj) 
and T(iEj, - iEtj) are hermitian where, by computation, we have that 
T(Ej, + E,j) 
and 
T(iE,, - iELj) 
tg _ p. pj _ p, . .
13 11 1J 
tyf - pi.- 
13 
tlj _ tll_ t2j _ t21. . . . 
21 
;. 
23 21 23 
t;; - pi. 
23 
i 
t$ - ti; 121 nj t23 _ p. . . . t$ - f’. fiJ_ 
Thus, for i, j, k, 1 = 1, 2,. . ., n we have that 
tij 
kl 
+ ti’. = f;/ + iki k? ‘3 
and 
i(t;; - t;j) = - i (q - i!:‘). B $3 
Thus tij = fk!. 
1 kl 
Assumini that t$ = i$! 
T(iE,, - iEzj) as computed 
(i, j, k, I = 1, 2,. . ., n), T(E,, + Etj) and 
above are hermitian. Since the matrices 
{Ejl + Elj}j<lj {‘Ej, - ‘E,j}j<t, and {Ejj) (where I, i = 1, 2,. , YZ) form 
a basis for 2% as a real vector space, T is hermitian-preserving. W 
The conditions of hermitian and hermitian-preserving on a matrix T 
of order n2 are independent as the following examples show: diag{O, i, - i, 0} 
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is hermitian-preserving but not hermitian ; diag{l, 2, 3, 4) is hermitian 
but not hermitian-preserving. 
In the following we use @ to denote the Kronecker product. 
THEOREM 2. A linear transformation T on JZ, is hermitian-preserving 
iff there exist real numbers aI,. . . , 8, and complex matrices A,, . . . , A, such 
that T = c:=l &Ai @ Ai. 
Proof. Since 6i,. . . , S, are real, for any HE Zn we have that 
* = i 6,A,HAi* = T(H). 
i=l 
Thus, T is hermitian-preserving. 
Assuming that T is hermitian-preserving, if T = ((tg)), then t$ = 
it; (i, j, k, 1 = 1, 2,. . . , n). We observe that any matrix of this form can be 
expressed as a real linear combination of the n2 matrices Eij @ Eij, the 
(x4 - n2)/2 matrices (Eii + E,,) @ (Eij + E,,), and the (n4 - n2)/2 
matrices (Eij + iE,,) @ (Eij - iE,,) where we index the last two sets 
such that (;, i) # (k, I), choosing exactly one of (Eij + E,,) and (E,, + E,J 
for fixed i, j, k, and 1. Choosing A,, A,,. . ., A,, to be the elements of 
{Eij), {Eij + E,,), and {Eij + iE,,} indexed as above, there exist real 
numbers 6i, de,. . , d,, such that T = ~~~l &A, @ Ai. n 
THEOREM 3. A linear transformation T on An is hermitian-preserving 
iff there exist complex numbers dij (i, j = 1,. . . , s) such that (dij) is hermitian 
and complex matrices A,, . . . , A,7 such that T = Ct=1 dijAi & Aj. 
Proof. Letting dij = dji, for any H E 2% we have that 
= T(H) 
which implies that T is hermitian-preserving. 
Assuming that T is hermitian-preserving, by Theorem 2 there exist real 
numbers 6i,. . . , 8, and complex matrices A,, . . , A, such that T = 
xa=, S,Ai @ Ai. Since 6i,. . . , 6, are real, diag{di,. . . , S,} is hermitian 
and the condition of the theorem is satisfied. n 
Theorems 2 and 3 occur in part in [2]. The theory of this paper may be 
rephrased in terms of hermitian-preserving linear transformations, 
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DePillis [l, p. 1341 gives a characterization of a hermitian-preserving 
linear transformation which in our setting may be expressed as follows: 
A linear transformation T on A, is hermitian-preserving iff there exist 
real numbers 6r,. . , 6, and A,, . . . , A, E A, such that 
T(H) = i &AiHtA,* 
i=l 
for all H E 2,. This differs from Theorem 2 by a factor of the linear 
transformation on An which maps each matrix onto its transpose. 
A characterization theorem for a hermitian-preserving linear trans- 
formation in which the operator matrix in the condition of Theorem 3 is 
composed with the transpose operator could be stated. DePillis [I, p. 1331 
also gives an interesting characterization of a hermitian-preserving linear 
transformation in terms of a special linear transformation on the space of 
linear transformations on An. 
III.THE EIGENVALUETHEOREMS 
LEMMA. If T is a hermitian-@reserving linear transformation, then 
T(X*) = [T(X)]* for all X E An. 
Proof. By Theorem 2, T = x:=1 &Ai @ Ai. Thus 
T(X*) = i; SiAiX*Ai* = 
1 
* = IT(X) H 
t=l 
THEOREM 4. If 2 is an eigenvalue of multi;hlicity Y of a hermitian- 
preservinglinenrtransformation T, then 2 is also an eigenvalue of multiplicity Y 
of T. 
Proof. Let 1 be an eigenvalue of T with an arbitrary Jordan block 
of order k. Then there exist corresponding X,, . . , X, such that 
T(X,) = IX, + X,+1> i= 1,2 ,..., k-l, 
T(X,) = AX,. 
Applying the lemma, 
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T(Xi*) = XX,” + x;+,, i=l,2,...,k-1 
and 
T(X,*) = IX,“, 
which implies that T has a Jordan block of order k corresponding to 2. 
That the multiplicities of A and 2 are the same is immediate. n 
The above result cannot be improved to the conjecture that all the 
eigenvalues of a hermitian-preserving linear transformation are real as 
shown by the example diag(0, i, - i, O}. 
Defining the elementary symmetric functions of a matrix as in [3, p. 1491, 
we have 
THEOREM 5. If T is a hermitian-preserving linear transformation, the 
elementary symmetric functions of T aye real. 
Proof. Letting Li,. . . , il,, be the eigenvalues of T, the rth elementary 
symmetric function 
-WY = 2 filWi (Y= 1,2 ,...) n”). 
(~1,. .,Io)~)EQ~,~z z=l 
Since the eigenvalues of T either are real or occur in conjugate pairs by 
Theorem 4, the term n{=, jlWi appears in the above sum iff the term 
nr=i 2,; appears. Thus, ni=i lWi is either real or it pairs with its 
conjugate. Hence, E,(T) is real. n 
In particular, since E,(T) is the determinant of T and E,(T) is the 
trace of T, we have the 
COROLLARY. If T is hermitian-preserving, then det T and tr T aye real. 
The author wishes to thank Professor David Carlson for comments uhich 
have helped to improve this paper. 
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